ON TILTING COMPLEXES PROVIDING DERIVED EQUIVALENCES 
THAT SEND SIMPLE-MINDED OBJECTS TO SIMPLE OBJECTS 



STEFFEN KOENIG AND DONG YANG 

Abstract. Given a set of 'simple-minded' objects in a derived category, Rickard con- 
structed a complex, which over a symmetric algebra provides a derived equivalence send- 
ing the 'simple-minded' objects to simple ones. We characterise in terms of t-structures, 
when this complex is a tilting complex, show that there is an associated natural f-structure 
£\J ■ and we provide an alternative construction of this complex in terms of ^loo-structures. 

, Our approach is similar to that of Keller-Nicolas. 
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1. Introduction 



The module category of a finite dimensional algebra, when seen as an abelian category, 
has two natural 'generators': a projective generator and the direct sum of a full set of 
simple modules. Equivalences of abelian categories send progenerators to progenerators 
and simples to simples. The derived module category of an algebra, when seen as a tri- 
angulated category, has two kinds of natural generators: each tilting complex 'generates' 
the category, and the direct sum of a full set of simple modules does so, too. Equivalences 
of derived categories send tilting complexes to tilting complexes. It is, however, not clear 
what happens to simple modules under derived equivalences. For symmetric algebras, 
Rickard [16j has shown that the 'group' of derived equivalences acts transitively on the 
class of objects sharing with the simple objects certain obvious conditions. Given such 
'simple-minded' objects, he explicitly constructed a tilting complex, and thus a derived 
equivalence. This has been used extensively in modular representation theory of finite 
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groups. Rickard's construction, using Milnor colimits, produces a complex for any algebra, 
not just a symmetric one. To show that this complex is a tilting complex, the assumption 
symmetric is used, and in general one cannot expect to get a tilting complex. 

This note addresses two questions in this context. First, we characterise in terms of 
t-structures (Section [3]), when Rickard's construction yields a tilting complex. On the way, 
we give new proofs of some results by Rickard and by Al-Nofayee [H [2] , who also considered 
this problem and obtained related results, in particular also extending Rickard's main result 
to self-injective algebras, and constructing a i-structure. Similar results are obtained by 
Keller and Nicolas in [S] in a different context. Secondly, we provide in Section [J] an 
alternative construction of the same complex, in terms of Aoo-categories. This uses work 
of Keller and Lefevre [12]. In an appendix we investigate some basic properties of non- 
positively graded finite-dimensional dg algebras. These properties are used in Section [3] to 
construct the t-structure and to extend Rickard's result to self-injective algebras, and used 
in Section 0] to show that the above results are valid also in the more general setting of 
finite-dimensional non-positive dg algebras. 

Acknowledgements 

The second named author gratefully acknowledges financial support from Max-Planck- 
Institut fur Mathematik in Bonn. He is deeply grateful to Bernhard Keller for valuable 
conversations on derived categories of dg algebras and ^loo-algebras. 

2. Notations and preliminaries 

Throughout, K will be an algebraically closed field. All algebras, modules, vector spaces 
and categories are over the base field K. For a category C, we denote by Homc(A, Y) the 
morphism space from X to Y, where X and Y are two objects of C. We will omit the 
subscript and write Hom(X, Y) when it does not cause confusion. By abuse of notation, 
we will denote by S the suspension functors of all the triangulated categories appearing in 
this paper. For a triangulated category C and a set S of objects in C, let thick(5) denote 
the smallest triangulated subcategory of C containing objects in S and stable for taking 
direct summands, and let Add (S) denote the smallest full subcategory of C containing all 
objects of S and stable for taking coproducts and direct summands. 

For a finite-dimensional basic algebra A, let Mod A (respectively, mod A) denote the 
category of right A- modules (respectively, finite-dimensional right A-modules), and let 
V(Mod A) (respectively, D 6 (mod A), P~(mod A)) denote the derived category of Mod A (re- 
spectively, bounded derived category of mod A, bounded above derived category of mod A). 
The categories 2?(Mod(A)), 2?~(modA) and 2? 6 (modA) are triangulated with suspension 
functor the shift functor. We view 2?~(mod A) and D b (mod A) as triangulated subcategories 
of D(Mod(A)). 
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For a differential graded (=dg) algebra A, let V(A) denote the derived category of right dg 
A-modules, cf. [7], and let Df^A) denote its full subcategory of dg A-modules whose total 
cohomology is finite-dimensional. They are triangulated categories with suspension functor 
the shift functor. Let per(A) = thick^^), i.e. the smallest triangulated subcategory of 
T>(A) containing the free dg A-module of rank 1 and stable for taking direct summands. Let 
A and B be two dg algebras. Then a triangle equivalence between T>{A) and T>(B) restricts 
to a triangle equivalence between per(A) and per(B) as well as a triangle equivalence 
between T>fd{A) and T)fd{B). If A is a finite-dimensional algebra viewed as a dg algebra 
concentrated in degree 0, then V{A) is exactly P(Mod A), Vf^A) is P fe (mod A), and per(A) 
is triangle equivalent to the homotopy category of bounded complexes of finitely generated 
projective ^-modules. 

3. RlCKARD'S CONSTRUCTION 

Let A be a finite-dimensional basic if-algebra. In this section we discuss a construction 
by Rickard |16] , The same construction is studied by Keller-Nicolas [9] in the context of 
positive dg algebras. 

Let r be the rank of the Grothendieck group of mod A. Following [IT] we say that a set 
of objects X\, . . . , X r in the bounded derived category P b (mod A) are simple-minded if the 
following conditions hold 

(1) Hom{X i ,^ m X j ) = 0, V m < 0, 
K if i = j, 
otherwise, 

(3) X 1 ,...,X r generates V b (mod A), i.e. V b {moA A) = thick(Xi,. . .,X r ). 
In [16 J Rickard constructed from X\, . . . , X r a set of objects T±, . . . ,T r as follows. 



(2) Hom^X,) 



Set xf 1 ^ = X{. Suppose X^ n is constructed. For i,j = 1, ...,r and m < 0, let 
B(j,m,i) be a basis of Hom(E m X,-, xf Put 

^' = 00 © ™i 

m<0 j B(j,m,i) 

and let af^ : zf^ -> xf" X) be the map whose component corresponding to / G 
B(j,m,i) is exactly /. 

Let X\ n) be a cone of ot\ ^ and form the corresponding triangle 

X.( n_1 ) — X-™" 1 -* - >■ *• SZ. n_1 ' ) 

Inductively we obtain a sequence of morphisms in P(Mod A): 

x (0) ^ . x (l) _ ^(n-l) P : _ ^(n) _ .... 
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Let Tj be the Milnor colimit of this sequence. Up to isomorphism, T\ is determined by the 
following triangle 

® Y (n) ld ~P ffi x (n) rp y ^rv x (n) 



3.1. Properties of Tj's. The following properties of Tj's were proved in [16] for symmetric 
algebras A, but the proofs there also work in general. 

Lemma 3.2. a) ( |16[ Lemma 5.4] ) For 1 < i,j < r, and m G Z, 

K if i = j and m = 0, 



Hom(X j ,S m T i ; 



otherwise. 



b) (113 Lemma 5.5]) For each 1 < i < r, T{ is isomorphic to a bounded complex of 
finitely generated injectives. $From now on we assume that T{ is such a complex. 

c) (US Lemma 5.8]; Let C be an object of V~ (mod A). If Hom(C, £ m T) = /or a// 
m G Z and all 1 < i < r, then C = 0. 

Let be the Nakayama functor, and z^ -1 the inverse Nakayama functor (c/. O Chapter 
1, Section 4.6]). They are quasi- inverse triangle equivalences between the triangulated 
subcategories per(A) and thick(D(AA)) of V(Mod A), where D = Hom/<-(?, K) is the duality 
functor. The following is a consequence of Lemma 13.21 and the property of the Nakayama 
functor. 

Lemma 3.3. a) For 1 < i,j < r, and m£Z, 

K if i = 3 an d m = 0, 



Hom(i/- 1 T i ,S m X i ; 



otherwise. 



b) For each 1 < % < r, v Tj is a bounded complex of finitely generated projectives. 

c) Let C be an object o/P~(mod A). If Hom^^T, S m C) = for all m e Z and a// 
1 < i < r, then C = 0. 

We put r = ©r =1 T % and i/^T = ©[ =1 z^T. 

Lemma 3.4. We have 

Hom^T, TTT) = 

for m < 0. Equivalently, 

Hom(i/- 1 r,E TO i/ -1 T) = Hom(T,£ m T) = 

/or m > 0. 

Proof. Same as the proof of Lemma 5.2], with the T in the first entry of Horn there 
replaced by v~ l Ti. 
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Theorem 3.5 ([16] Theorem 5.1). When A is a symmetric algebra, T = u T is a tilting 
complex. 

Proof. By Lemma 13.31 v~ l T is a compact generator of 2?(Mod A). Moreover, when A is 
symmetric, the Nakajama functor is isomorphic to the identity. The desired result follows 
from Lemma 13.41 \J 

In general, we may ask when u~ l T is a tilting complex. If this is the case, then by 
Rickard's Morita's theorem for derived categories (cf. |15| ) we have a triangle equivalence 

P(ModA) ~ P(ModT), 

which takes X%, . . . ,X r to a complete set of non-isomorphic simple T-modules, where T = 
Horn (z/ _1 T, v^T) . Conversely, assume there is a finite-dimensional algebra T with an 
equivalence F : D(ModA) ~ D(Modr) sending Xi,...,X r to a complete set of non- 
isomorphic simple T-modules. It follows from Lemma 13.31 that for 1 < i, j < r and ra£Z, 
we have 

K if i = j and m = 0, 
otherwise. 

This means that Fv~ x Ti is the projective cover of FXi, and hence Fv~ 1 T = F is the free 
T-module of rank 1. Thus v~ l T is a tilting complex. 

3.6. A t-structure. Let C be a triangulated category. A t-structure on C ([5]) is a pair 
(C-°,C-°) of strictly full subcategories of C such that 

. SC <0 c C<0 and E^ C £^°; 

• Hom c (M, T,- X N) = for M G and N G C^°, 

■ for each M G C there is a triangle M' -> M M" -> EM' in C with M' G C-° 
and Af" G E- 1 ^ . 

The Zieari C— Pi C— is always abelian. The t-structure (C— °,C— ) is said to be bounded 
if 

(J E n C^° = C = (J E n C^°. 

A typical example of a t-structure is the pair (T>- ,T>- ) for the derived category T> = 
D(Mod A) of an (ordinary) algebra A, where T>- consists of complexes with vanishing co- 
homologies in positive degrees, and T>— consists of complexes with vanishing cohomologies 
in negative degrees. This t-structure restricts to a bounded t-structure of D b (mod A). 

Assume A, Xi, . . . , X r , T as in the preceding subsection. Recall that by Lemma 1331 
v~ 1 T is a compact generator of P(ModA). The following proposition is an immediate 
consequence of Lemma 13.41 and the definition of the t-structure. 



Hom 2J(Modr) ( J Fi/- 1 r i ,E m FX j 



Proposition 3.7. The following assertions are equivalent: 
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(i) v l T is a tilting complex, 

(ii) v~ l T is in the heart of some t-structure. 

There are two natural t-structures related to the set X±, . . . , X r . Let X— be the smallest 
full subcategory of D(Mod A) containing Xi, . . . ,X r and stable for taking suspensions, ex- 
tensions and coproducts. By [3j Proposition 3.2], the pair (X-°, ^(X- )- 1 ) is a t-structure 
of V(Mod A), where (X- ) 1 - is the full subcategory of D(Mod A) of objects M such that 
Hom(iV,M) = for any object N of X^°. Dually so is (E- 1J -(X^°), x ~°), wh ere X^° 
is defined as the smallest full subcategory of D(ModA) which contains X\, . . . , X r and 
which is stable for taking cosuspensions, extensions and products, and ^X- ) is the full 
subcategory of D(Mod A) of objects M such that Hom(M, N) = for any object N of X-°. 

Yet there is a third natural t-structure. Let T be the dg endomorphism algebra of 
v~ 1 T. Precisely, the degree n component of T consists of those A-linear maps from v~ l T 
to itself which are homogeneous of degree n, and the differential of T takes a homogeneous 
map / of degree n to do f — (— l) n / o d, where d is the differential of u~ 1 T. We have 
H m (T) = Hom(^ _1 T, X"V -1 T) for any integer m. The dg algebra T is finite-dimensional by 
Lemma 13.31 b). and it has cohomology concentrated in non-positive degrees by Lemma 13.41 
It follows that the derived category T>(T) carries a natural t-structure (T>- ,T>- ), where 
V-° is the full subcategory of T>(T) consisting of dg T-modules M with H m (M) = 
for m > 0, and T>-° is the full subcategory of T>(T) consisting of dg T-modules M with 
H m (M) = for m < 0, and the heart £>-° n £>-° is equivalent to Mod T, where T = 
H°(T), see the appendix. This t-structure restricts to a t-structure of Vf^T), denoted by 
(Vy® ,Vy®), whose heart is equivalent to modT. 

The complex v~ x T has a natural dg f-A-bimodule structure. By Lemma 6.1 (a)], we 
have a triangle equivalence 



This equivalence takes r to v T, takes a complete set of non-isomorphic simple T-modules 



v 1 T is a t-structure of 2?(Mod A), which we still denote by The image of the 

t-structure (Vy® ,Vjj) is exactly the t-structure (C-°,C-°) in [2]. 

Proposition 3.8. The above three t-structures (X^°, Epf^ )^), (E^pf^ ), X^°) and 
(£>^°,£>^°) coincide. 

Proof. If suffices to prove that X— = T>—° and X—° = T>—°. We only prove the first 
statement, and the second statement is dual. Let Y- be the image of X— under a quasi- 
inverse of ?<8)pi/ _1 T, i.e. Y—° is the smallest full subcategory of X>(f ) containing the simple 



V{Mod A). 
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T-modules and stable for taking suspensions, extensions and coproducts. We shall prove 
the equivalent statement Y— = T>— in T>(T). 

Let M be a dg T-module whose cohomology is concentrated in non-positive degrees. 
Then the graded module H*(M) over the non-positively graded algebra H*(T) admits an 
Add(£ m #*(f )|m > 0)-resolution. It follows from Theorem 3.1 (c)] that M belongs to 
the the smallest full subcategory of T>(T) containing T and stable for taking suspensions, 
extensions and coproducts. Therefore, this latter category coincides with T>-°. But it 
is clear that Y— contains T, and hence Y- contains T>- . The inclusion in the other 
direction is obvious. \J 

An abelian category is a length category if every object in it has finite length. Two sets 
of simple-minded objects are equivalent if they have the same closure under extensions. 
The following is a counterpart of [91 Corollary 11.5]. 

Corollary 3.9. There is a bijection between the set of bounded t-structures ofD b (mod A) 
whose heart is a length category with finite many simple objects (up to isomorphism) and the 
set of equivalence classes of families of simple-minded objects of T> h '(mod A). In particular, 
the heart of a bounded t-structure of "D b (mod A) is a length category if and only if it is 
equivalent to mod T for some finite- dimensional algebra T. 

We remind the reader that the heart of a t-structure of P 6 (mod A) is not always a length 
category. For example, the derived category of the path algebra of the Kronecker quiver 
has a t-structure whose heart is the category of coherent sheaves over the projective line, 
which is not a length category. 

3.10. The case of self-injective algebras. Al-Nofayee in [I] extended Rickard's result 
Theorem 13.51 to the case when A is a self-injective algebra; then T = u~ 1 T is a tilting 
complex. This result can now be derived again. 

Let A be a finite-dimensional self-injective algebra. In this case, the two categories 
per(A) and thick(D(AA)) coincide. The Nakayama functor v and its quasi-inverse v^ 1 can 
be extended to auto-equivalences of D~(mod A) because each object in £> _ (mod A) admits 
a projective resolution which is bounded above and whose components are finite generated. 

Let X±, . . . , X r be a set of simple-minded objects in D b (mod A) stable under the Nakayama 
functor v. Let T be constructed as in Section [3) 

Proposition 3.11 ([lj Theorem 4). The complex T is a tilting complex. 

Proof. The Nakayama functor v induces a permutation on the set {1, . . . , r}, also denoted 
by v, given by X v u-\ = v{Xi) for i = 1, . . . , r. Applying v to the formula Lemma 13.31 a), we 



8 



STEFFEN KOENIG AND DONG YANG 



obtain for 1 < i,j < r, and m G Z, 

Horn (2}, E"^)) 



K if i = j and m = 0, 
otherwise. 



Applying a quasi-inverse G of the triangle equivalence !®fv~ T : T>(T) — > T>[A), we obtain 

{K if % = i and m = 0, 
otherwise. 

Since GX^m, . . . , GX V ^ is a complete set of simple T-modules, it follows from Section [531 
(the appendix) that GT\, . . . , GT r sum up to the free module V. Recall that G(v~ l T) = T. 
As a consequence, we have T = v~ 1 T. Now the desired result follows from Lemma [3.4l yj 

4. AN ALTERNATIVE CONSTRUCTION 

In this section we will give another construction of T using the j^-version of Morita's 
theorem for triangulated categories (c/. |12j). Let us first recall the definition and basic 
properties of Aoo-algebras and Aoo-modules. 

4.1. ^oo-algebras and ^oo-modules. We follow [12] . [8] and [13] are also nice references. 
An Aoo-algebra is a graded vector space A endowed with a family of homogeneous maps 

m n : A® n —> A, n > 1 

of degree 2 — n satisfying the equations 

(-l) jk+l m j+ i+i(.id® j ®m k ® id & ) = 0, n > 1. 

j+k+l=n 

These m n are called the multiplications of A. The Axj-algebra A is minimal if mi = 0. 
We say that A is strictly unital if A has a strict unit, i.e. a homogeneous element 1a of 
degree such that for n / 2 the multiplication m n has value zero if one of its n arguments 
equals 1a, and 

m%(lA ®a) = a = m 2 (a ® 1a) 

for all a in A. 

Let A be a strictly unital ^oo-algebra. A (right) A^-module over A is a graded vector 
space M endowed with a family of homogeneous maps 

:M® A® n ~ l — > M,n> 1 

of degree 2 — n such that 

(-l) jk+l m j+1+l (id® j ®m k ® id® 1 ) = 0. 

j+k+l=n 
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An Aoo-module M minimal if mf 1 = 0, and is strictly unital if one of 02, • • • , a n equals I a 
implies 

for all n > 3, and m^(m ® 1^) = m for all m in M. 

Let M and M' be two strictly unital ^co-modules over A. An A^-morphism f : M — > M' 
is a family of homogeneous maps 

/„ :M®A m - 1 M',n> 1 

of degree 1 — n satisfying the following identity for all n > 1 

^(-l)i*+'/ i+1+ ,(id«W ^ m fc ® id®') = ^m s+1 (/ r ® td®»), 

where j + k + I = n and r + s = n. In particular, /1 is a chain map of complexes. The 
^oo-morphism / is a quasi-isomorphism if /1 induces identities on all cohomologies. / is 
strictly unital if one of 02, . . . , a n equals 1a implies 

f n (m ® a 2 ® • • • ® a„) = 

for all n > 2. / is strict if / n = for all n > 2. 

Let Modoof^) be the category of strictly unital ^Ico-modules over ^4 with strictly uni- 
tal Aoo-morphisms as morphisms. The derived category T>(A) is the category obtained 
from Modoo(^4) by formally inverting all quasi-isomorphisms. The category T>(A) is a tri- 
angulated category whose suspension functor E the shift functor. For a strictly unital 
^loo-module M over A and an integer i, we have 

HomD( A )(A,£Vfcf) = iTM. 

Let per(A) denote the triangulated subcategory of T>(A) generated by the free module 
of rank 1, and T>fd(A) denote the full subcategory of T>(A) consisting of those Aoo-modules 
whose total cohomology is finite-dimensional. 

Lemma 4.2. Let A and B be two strictly unital A^-algebras. A triangle equivalence 
T>{A) —7- T){B) restricts to triangle equivalences per(A) — > per(B) and T>fd(A) — > T>fd(B). 

Proposition 4.3 ([12J Proposition 3.3.1.7). Let A be a strictly unital A^-algebra, and M 
be a strictly unital A^-module over A. Then there is a strictly unital minimal A^-module 
M' over A together with a quasi-isomorphism of strictly unital A^-modules from M' to 
M. 

Theorem 4.4 ([12] Theorem 7.6.0.6). Let C be an algebraic triangulated category, i.e. C 
is triangle equivalent to the stable category of a Frobenius category. Assume C has split 
idempotents and C is generated by an object X. Then there is a strictly unital minimal 
Aoo-algebra A with strict unit idx and a triangle equivalence 

C — ► per(,4) 
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taking X to A. It follows that the underlying graded algebra of A is the graded endomor- 
phism algebra © ieZ h\ovr\c(X, Ti l X). Moreover, m n (ai ■ ■ ■ a n ) = for all n ^ 2 if one 
of cij is the identity morphism of a direct summand of X. 

4.5. Minimal positive Aoo-algebras. Let A be a strictly unital minimal positive A^- 
algebra, i.e. A is strictly unital and minimal and satisfies 

• A 1 = for all negative integers i, 

• ^4° is the product of r copies of the base field K for some positive integer r, 

• m n (ai ® • • • ® a n ) = if one of ai, . . . , a n belongs to A . 

Put A >0 = ® i>0 A l . Then A >0 is an Aoo-ideal of A: the multiplication m n takes value 
in A >0 if one of the n arguments belongs to A >0 . Let A denote the quotient Aoo-algebra 
of A/A >0 . It has vanishing higher multiplications, and is isomorphic to the product of r 
copies of K. 

Let 1 = e\ + . . . + e r be the unique (up to reordering) decomposition of the identity of ^4° 
into the sum of primitive orthogonal idempotents. Then each Pj = etA is an Aoo-submodule 
of the free module of rank 1: 

m n (eia (g> a 2 <g> • • • <8> a n ) = -(-l) n eim n (a (g> a 2 <S> ■ ■ ■ <8> a n ). 

The subspace eiA >0 is an Aoo-submodule of Pi, and the quotient ^oo-module Si = Pi/eiA >0 
is 1-dimensional with basis the class of ej. We call S\,...,S r simple modules over A. Viewed 
as an Aoo-module over A, A is isomorphic to the direct sum of Si, ■ ■ ■ , S r . The following 
two lemmas are also proved in [9] (in the form of dg algebras and dg modules). 

Lemma 4.6. Let A be a strictly unital minimal positive A^-algebra. Then 

Ho mv(A) (A,J: m A) = 

for positive integers m. 

Proof. The graded module A over the positively graded algebra A admits an Add(S~ m j4|m > 
0)-resolution. Now the desired result follows from an ^oo-version of Theorem 3.1 (c)] 
(one can obtain this, for example, by going to the enveloping dg algebra). \J 

Lemma 4.7. Let A be a strictly unital minimal positive A^-algebra. Then the triangulated 
category Df^A) is generated by A. 

Proof. By Proposition 14.31 it suffices to prove that a finite-dimensional strictly unital min- 
imal ^oo-module M over A is generated by A. Up to shift we may assume that M 4 = for 
all negative integers % and M° ^ 0. Put M >0 = © i>0 M l . Then M >0 is an Aoo-submodule 
of M, and we have a triangle in T>(A) 

M >0 *- M M *- SM >0 . 
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Here M is the A^-quotient module M/M >0 , and is concentrated in degree 0. Its structure 
of an ^oo-module comes from its structure of an A-module, and hence is generated by A. 
Now by induction on the dimension of M we finish the proof. \J 

4.8. The alternative construction. Let A be a finite-dimensional basic K-algebra. Let 
Si, . . . , S r be a complete set of representatives of simple A-modules. 
By Theorem 14. 4| there is a strictly unital minimal positive ^oo-algebra 

S = 0Hom(0^,S m 0^) 

(the Aqo-KoszuI dual of A) and a triangle equivalence 

$ : D fc (mod A) ^ per(S) 

taking Si {j = 1, . . . , r) to Pj = meZ Hom(® • S u J^Sj). 

The indecomposable injective A-modules I\, . . . ,I r are characterized by the property 

K if i = j and m = 0, 
otherwise. 

So their images ),..., $(/ r ) under the equivalence $ are characterized by the property 

K if i = j and m = 0, 
otherwise. 

Therefore, . . . ,<&(I r ) are precisely the indecomposable direct summands of S. In 

other words, the equivalence <E> restricts to a triangle equivalence 

$| : thick(D( A A) = thick(Ji, . . . , J r ) thick(S) = V fd (S), 

where the last equality follows from Lemma 14.61 

Let X\,...,X r G P b (modA) be a set of simple-minded objects, i.e. they satisfy the 
following conditions 

(1) Hom(X i ,T, m X j ) = 0, V m < 0, 

[k i£i = j, 

(2) Hom(X i ,X i ) = 1 

I otherwise, 

(3) Xi, . . . , X r generates V b (mod A). 

On the graded algebra ® m Hom(0 i Xi, S m ® i Xj) there is a strictly unital minimal 
^oo-algebra structure. We will denote this ^oo-algebra by X. The conditions (1) and 
(2) imply that X is positive, while it follows from condition (3) that there is a triangle 
equivalence 

V(S) — ► V{X). 



Horn (S h TTlj 



Hom^E" 1 ^)) 
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This equivalence restricts to triangle equivalences 

* : per(cS) — ► per(X), 

tf| :V fd {S)^V fd (X). 
Thus we have the following commutative triangles of triangle equivalences 

V b {mod A) per(5) thick(J x , . . . , I r ) ^-»- = thick(S) 

(*0$)| 

V| 

per(A-) = thick(^). 

Associated with Xi, . . . , X r there is the decomposition 1 = idx 1 +• • -+irfx r of the identity 
of into the sum of primitive orthogonal idempotents. Let Y±, . . . , Y r be corresponding 
simple modules over X, and let Ti,...,T r be their images under a quasi-inverse of the 
equivalence (* o *)|. Put T = 0- T t . 

Lemma 4.9 (Lemma 13.21 and Lemma |3.4|) . a) T generates thick(/i, . . . ,I r ). 
b) For 1 < i, j < r, and m G Z, 




K if i = j and m = 0, 
otherwise. 



c) T is isomorphic to a bounded complex of finitely generated injectives. 

d) Let C be an object of TT (mod A). // Hom(C, S m T) = for all meZ, then C = 0. 

e) Hom(T, S m T) = for m > 0. 

Proof, a) b) e) hold because they hold after applying the triangle equivalence ^ o <I>. c) is 
trivial, d) follows from a). \J 

Remark 4.10. From the appendix we see that, from the viewpoint of derived categories, 
finite- dimensional dg algebras (whose cohomology is) concentrated in non-positive degrees 
behave like ordinary finite- dimensional algebras. The construction of T and Lemma \4-9\ 
can be easily generalized to this more general setting, namely, the setting that A is a finite- 
dimensional dg algebra (whose cohomology is) concentrated in non-positive degrees. In the 
statement of d) one replaces D~(mod A) by the full subcategory ofV(K) of dg A-modules 
M such that H m (M) vanishes for sufficiently large m and each H m {M) (m £ 7L) is finite- 
dimensional. 

Remark 4.11. The A^-algebra X can be computed as a minimal model of the dg endo- 
morphism algebra of the direct sum of projective resolutions of X\, . . . , X r . In fact, it is 
Koszul dual to the dg algebra T introduced in Section VJ.b\ Thus knowing that V is finite- 
dimensional a priori one can construct it from X using the dual bar construction, and vice 
versa. In particular, if the restriction of the A^-structure of X in degrees 0, 1 and 2 is 
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known, it is not hard to work out the precise structure o/T = H°T. However, this does not 
help us to understand when F has cohomology concentrated in degree 0. 

5. Appendix: Finite-dimensional non-positive dg algebras 

Let K be a field. Let A be a finite-dimensional non-positive dg -fT-algebra (associative 
with 1), i.e. A = ©j< A 1 with each A 1 finite-dimensional K-sp&ce and A 1 = for j<0. 

Let C(A) denote the category of (right) dg modules over A, T>(A) denote the derived 
category, Vfd(A) denote the finite-dimensional derived category, and per (A) denote the 
perfect derived category. 

The 0-th cohomology A = H°(A) of A is an ordinary i^T-algebra. Let Mod A and mod A 
denote the category of (right) modules over A and its subcategory consisting of those finite- 
dimensional modules. Let it : A — > A be the canonical projection. We view Mod A as a 
subcategory of C(A) via n. 

The total cohomology H*(A) of A is a finite-dimensional graded algebra with multi- 
plication induced from the multiplication of A. Let M be a dg ^4-module. Then the 
total cohomology H*{M) carries a graded H* {A)-m.o(hAe structure, and hence a graded 
A = if (^-module structure. In particular, a stalk dg ^4-module concentrated in degree 
is an A-module. 

5.1. The standard i-structure. We follow [1] and |10j . where the dg algebra is not 
necessarily finite-dimensional. 

Let M = ... —t M l ~ l ^> M i 4 M i+1 ^ ... be a dg ^-module. We define the 
truncation functors r<o and r>i as follows: 

t< M = ...-»• M~ 2 °-> M' 1 kerd -»• . . . 
r>iM = . .. -»• -»■ MVimd ^ M 2 4 M 3 -> ... 

Thanks to the assumption that A is non-positive, t<qM and t>\M are again dg A-modules. 
Moreover we have a distinguished triangle in T>(A) 

r< M -> M -> r>iM ->• Sr< M. 

These two functors define a t-structure (P-°,P-°) on £>(A), where T>-° is the subcategory 
of T>(A) consisting of dg ^4-modules with vanishing cohomology in positive degrees, and 
T>-° is the subcategory of T>(A) consisting of dg ^4-modules with vanishing cohomology in 
negative degrees. 

Immediately from the definition of the i-structure (D- ,T>—°), we see that the heart 
7~L = T>- n T>- consists of those dg yl-modules whose cohomology are concentrated in 
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degree 0. Thus the functor H° induces an equivalence 

H°:V. — ► Mod A. 
M i-> H°(M) 

The t-structure (T>-° ,T>-°) of T>(A) restricts to a t-structure of T>fd(A) with heart equiva- 
lent to mod A. It is easy to see that Vfd(A) is generated by this heart, and hence generated 
by the simple A- modules. 

5.2. Morita reduction. Let d be the differential of A. Then d(A°) = 0. 

Let e be an idempotent of A. For degree reasons, e must belong to ^4°, and the graded 
subspace eA of A is a dg submodule: d(ea) = d(e)a + ed(a) = ed(a). Therefore for each 
decomposition 1 = e\ + . . . + e n of unity into the sum of primitive orthogonal idempotents, 
we have a direct sum decomposition A = e\A © ... © e n A of A into indecomposable dg 
A-modules. Moreover, if e and e' are two idempotents of A such that eA = e'A as ordinary 
modules over the ordinary algebra A, then this isomorphism is also an isomorphism of dg 
modules. Indeed, there are two elements of A such that fg = e and gf = e' . Again for 
degree reasons, / and g belong to A . So they induce isomorphisms of dg A- modules: 
eA — > e'A, a h- > ga and e'A — > eA, a i— > fa. It follows that the above decomposition 
of A into the direct sum of indecomposable dg modules is essentially unique. Namely, if 
1 = e'i + . . . + e' n is another decomposition of the unity into the sum of primitive orthogonal 
idempotents, then m = n and up to reordering, e\A = e[A, . . ., e n A = e' n A. 

Let A and A' be two finite-dimensional non-positive dg algebras. If A and A' are Morita 
equivalent as ordinary algebras, then C(A) and C(A') are equivalent. 

5.3. The perfect derived category. Since A is finite-dimensional (thus has finite-dimensional 
total cohomology), it follows that per(^4) is a triangulated subcategory of Vfd(A). 

We assume, as we may, that A is basic. Let 1 = e\ + . . . + e n be a decomposition of 1 in A 
into the sum of primitive orthogonal idempotents. Since d{x) = Xie^ + . . . + \ s ei s implies 
that d(ei j x) = A 3 -e^., it follows that the intersection of the space with basis e±, . . . ,e n with 
the image of the differential d has a basis consisting of some e^'s, say e r +i, ... ,e n . It is 
easy to see that e r+ \A, . . . , e n A are homotopic to zero. 

We say that a dg ^-module M is strictly perfect if its underlying graded module is of 
the form © J=1 Rj, where each Rj is isomorphic to a shifted copy of some eiA (1 < i < n), 
and if its differential is of the form di n t + 5, where di n % is the direct sum of the differential 
of the i?j's, and 5, as a degree 1 map from (BjLi Rj to itself, is a strictly upper triangular 
matrix whose entries are in A. It is minimal perfect if in addition no Rj is isomorphic to 
any shifted copy of e r +iA, . . . , e n A, and the entries of 5 are in the radical of A, cf. |14j . 

Lemma 5.4. Let M be a dg A-module belonging to per(A). Then M is quasi- isomorphic 
to a minimal perfect dg A-module. 
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Proof. Bearing in mind that e±A, . . . , e r A have local endomorphism algebras and e r +i^4, . . . , e 
are homotopic to zero, we prove the assertion as in |14j . y/ 

5.5. Simple modules. We assume that A is basic and that K is algebraically closed. 

According to the preceding subsection, we may assume that there is a decomposition 
1 = ei + . . . + e r + e r +i + . . . + e n of the unity of A into a sum of primitive orthogonal 
idempotents such that 1 = e\ + . . . + e r is a decomposition of 1 in A into a sum of primitive 
orthogonal idempotents. 

Let Si,...,S r be a complete set of representatives of isomorphism classes of simple 
^4-modules. Then 

K if i = j, 



HomA(eiA, Sj) 



otherwise. 



Here for two dg ^-modules M and N, T-Loitia(M , N) denotes the complex whose degree 
p component of consists of those ^4-linear maps from M to N which are homogeneous of 
degree p, and whose differential takes a homogeneous map / of degree p to dvo/ — (— l) p /o 
du- Therefore we have 



Hom P(A) ( e! i,S m ^) 



K if i = j and m = 0, 
otherwise. 



Moreover, {e\A, . . . , e r A} and {Si, . . . , S r } characterize each other by this property. On 
the one hand, if M is a dg ^4-module such that for some integer 1 < j < r 



Ho mv{A) ( ei A,Z m M) 



K if % = j and m = 0, 
otherwise, 



then M is isomorphic in T>{A) to Sj. On the other hand, let M be an object of per(j4) 
such that for some integer 1 < i < r 



Hom 2?(A) (M,S m S i ) 



K if i = j and m = 0, 
otherwise. 



Then by replacing M by its minimal perfect resolution (Lemma 15. 4p . we see that M is 
isomorphic in T>(A) to &iA. 

Further, recall from Section [5. II that Df^A) admits a standard i-structure whose heart 
is equivalent to mod A. This implies that the simple modules Si,...,S r form a set of 
simple-minded objects in Vfd(A). 

5.6. The Nakayama functor. For a complex M of iT-vector spaces, we define its dual 
as D(M) = T-Lom,K(M, K), where the last K is considered as a complex concentrated in 
degree 0. One checks that D defines a duality between finite-dimensional dg ^-modules 
and finite-dimensional j4 op -modules.. 
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Let e be an idempotent of A and M a dg yl-module. Then we have a canonical isomor- 
phism 

Hom A (eA,M) ^ Me. 

If in addition each component of M is finite-dimensional, we have canonical isomorphisms 

Hom A (eA, M) = Me = V)Uom A {M, D(Ae)). 

We define the Nakayama functor v : C(A) ->■ C(A) by u(M) = DHom A (M, A) [3 Section 
10]. We have canonical isomorphisms 

DUom A (M, N) Hom A (N, uM) 

for strictly perfect dg ^4-module M and any dg ^4-module N . We have v{eA) = Y){Ae) 
for an idempotent e of A, and the functor v induces a triangle equivalences between 
the subcategories per(^4) and thick(D(A)) of C(A) with quasi-inverse given by z/ _1 (M) = 
Uom A (D(A), M). 

Let ex, . . . , e r and Si, . . . , S r be as in the preceding subsection. Then we have 



nom A (Sj,D(Aei)) DHom A (eiA, Sj) 

That is, 



K if i = j, 
otherwise. 



K if j = j and m = 0, 
otherwise. 

Moreover, {D(ylei), . . . , D(yle r )} and {Si, . . . , S r } characterize each other in T>(A) by this 
property. This follows from the arguments in the preceding subsection by applying the 
functors v and v~ x . 
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